Some Deflection Maths
Symbols
 Force toward the short side
 Distance along axis
E Extension along axis
 Belt tension modulus
 Belt tension
Subscript l for long side, s for short side.
Equilibrium Forces
At equilibrium we know that the force on the left and right sides must be equal, or the axis would move.
Belt extension is given by;

So static both long and short side;


When deflected by distance d the left and right sides gain additional deflection;



Note that the long and short sides must have the same deflection d but unless their lengths are equal do not have the same change in force f but sum to the total applied force.
 The long and short extensions become;


Whilst the change in tension force excluding the static tension may be written as;

Giving for each side;


Whilst the net force f applied to the axis is the sum of the tension changes from both sides;




Rearranging for deflection d;

 


Y Axes
Assuming that the Y load applied to the X beam is distributed across the Y axes in simple linear ratio to the position on the Y axis, i.e. force at left Y plate is all on left Y plate and none on right Y plate, force in centre is equally distributed.
 is force applied in the Y direction at the Z carriage
 is position on X beam of the Z carriage, from left (note travel is less than beam length)
 is length of X beam
 is the front side Y belt length
 is the rear side Y belt length




But we then need to find the resulting position of the location on the X beam between the two independently deflecting Y plates.
 is the left Y axis deflection
 is the right Y axis deflection









Extrusion Deflection
For the deflection of the aluminium extrusions we can use some standard engineering equations for deflection of a beam based on the moment of inertia of the extrusion.
Beam Moment of Inertia
The beam’s moment of inertia is calculated by a standard equation.

For our extrusions we have approximately.




 flexing in the Z direction
 flexing in the Y direction

We will take an approximate Young’s modulus for 6061 Aluminium at 70 Gpa or 70,000 N / m2
Deflection Calculation
Standard deflection equation for stress beam supported at both ends with weight in variable position.
 modulus of elasticity N/mm2
 Moment of inertia mm4
 Load N
 Deflection at load point mm
 Distance from left support of beam mm
 Distance from right support of beam mm
 Length of beam (a + b) mm
The max deflection at the load point is given by;

Example;
For our 1016mm beam with 50N load in the centre;


Which is consistent with the measured peak to peak deflection of ~ 0.05mm
If we calculate instead for a munchkin sized Shapeoko;


Which is as close to zero as makes no difference for this machine.
For the purpose of spreadsheet calculation, we can switch to our existing symbols;


Steel Front & Rear Plate Deflection
An additional source of deflection in the Y direction is the front and rear steel plates, these flex forward and backward allowing the entire Y rail to move fore and aft.
Measurements taken indicate that these deflect around 0.05mm for 5kg force, 0.01mm/kg f
The load applied to these varies with the X axis position as per the Y belts loading so we can re-purpose the equations we have for the Y belts
Let  be the stiffness of the end plates in the Y direction.
 is force applied in the Y direction at the Z carriage
 is position on X beam of the Z carriage, from left (note travel is less than beam length)
 is length of X beam




This follows the same substitution and rearrangement as the belt deflection giving;

Combined with Belt Deflection and Axis Deflection
This can be combined with the belt deflection to simplify our spreadsheet formulae a little;

The two force terms are there for convenience as the belt deflection needs to subtract axis rolling resistance.
Steel Base Rib Deflection
Using a similar method to the deflection calcs for the extrusion rails;
Moment of Inertia

For our extrusions we have approximately;




 flexing in the X direction
And flexing in Z is somewhat more complicated so online calculator says; 
 flexing in the Z direction
We will take an approximate Young’s modulus for Steel at 200 Gpa or 200,000 N / m2
Deflection
As before we will calculate beam deflection with;

Our rails are 1010mm long and we will assume deflection in the centre;

Which is consistent with measurements.
Aluminium Baseboard
Online calcs for a 10mm thick Aluminium baseboard;
Central load, 50N: 0.2mm

Alternate numbers for munchkin machine
Steel strap deflection;

Aluminium baseboard, central load, 50N ; 0.02mm


